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ABSTRACT
Ultrasound reflection imaging is a promising imaging modality for detecting small, early-stage breast cancers. Properly
accounting for ultrasound scattering from heterogeneities within the breast is essential for high-resolution and high-quality
ultrasound breast imaging. We develop a globally optimized Fourier finite-difference method for ultrasound reflectivity
image reconstruction. It utilizes an optimized solution of acoustic-wave equation and a heterogeneous sound-speed dis-
tribution of the breast obtained from tomography to reconstruct ultrasound reflectivity images. The method contains a
finite-difference term in addition to the split-step Fourier implementation, and minimizes ultrasound phase errors during
wavefield inward continuation while maintaining the advantage of high computational efficiency. The accuracy analysis in-
dicates that the optimized method is much more accurate than the split-step Fourier method. The computational efficiency
of the optimized method is one to two orders of magnitude faster than time-reversal imaging using a finite-difference
time-domain wave-equation scheme. Our new optimized method can accurately handle ultrasound scattering from breast
heterogeneities during reflectivity image reconstruction. Our numerical imaging examples demonstrate that the optimized
method has the potential to produce high-quality and high-resolution ultrasound reflectivity images in combination with a
reliable ultrasound sound-speed tomography method.

Keywords: Breast heterogeneities, finite difference, Fourier, image reconstruction, optimized, reflectivity, sound speed,
ultrasound breast imaging, ultrasound scattering.

1. INTRODUCTION
High-quality and high-resolution images are critically important for early breast cancer detection and diagnosis. Clinical
studies have shown that ultrasound imaging has tremendous potential to detect small, early-stage breast cancers that cannot
be detected by X-ray mammography.1–3 In addition, ultrasound breast imaging is one of the most promising screening tools
as an alternative to X-ray mammography.2 The primary limitation of ultrasound imaging is due to its low resolution and
noisy images (full of speckles), because it does not properly account for ultrasound scattering from breast heterogeneities
during reflectivity image reconstruction. Sound speeds and densities of breast tissue are inhomogeneous, and those of
tumors are different from the surrounding tissues. These differences in mechanical properties result in ultrasound scatter-
ing, particularly in dense breasts. With the development of new circular ultrasound arrays for clinical breast imaging,4–10

heterogeneous sound-speed distributions of the breast can be reliably reconstructed using ultrasound tomography.11–16 Ul-
trasound reflection images can be significantly improved by using the heterogeneous sound-speed distribution of the breast
during reflectivity image reconstruction. The split-step Fourier method was recently introduced to ultrasound imaging and
it can approximately account for ultrasound scattering.17 It is computationally about two order of magnitude faster than
time-reversal ultrasound imaging using a finite-difference time-domain wave-equation scheme.18

We develop a globally optimized Fourier-difference method to accurately handle ultrasound scattering while main-
taining high computational efficiency during ultrasound reflectivity image reconstruction. The method is based on the
formal solution of a one-way wave equation in heterogeneous media governing ultrasound propagation in the breast. It is
optimized for the entire range of sound-speed perturbations within the breast to minimize ultrasound phase errors during
wavefield inward continuation. The accuracy analysis shows that the optimized method significantly improves the imag-
ing accuracy compared to the split-step Fourier method. The optimized method performs one additional step of ultrasound
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scattering compensation during each recursive step of inward continuation of ultrasound wavefields, in addition to the split-
step Fourier implementation. It is still computationally much more efficient than the finite-difference-based time-reversal
imaging method.18 Like the split-step Fourier method, the optimized method is implemented in the frequency-space and
frequency-wavenumber domains using Fourier transforms to minimize the numerical dispersion. In homogeneous regions,
it leads to the phase-shift imaging method.19 We use synthetic ultrasound breast data to demonstrate that the globally
optimized Fourier finite-difference method can accurately account for ultrasound scattering from breast heterogeneities,
and has great potential to produce high-resolution and high-quality clinical breast images.

2. METHODOLOGY
Ultrasound scattering from breast heterogeneities cannot be accurately described using ray theory, on which most of current
ultrasound imaging algorithms are based. Ultrasound wave propagation in the breast is governed by the acoustic-wave
equation in heterogeneous media. To properly and accurately account for ultrasound scattering during breast imaging, it is
necessary to develop an imaging algorithm based on wave theory.

The acoustic-wave equation can be decomposed into two one-way wave equations describing wave propagation in
opposite directions. One of these one-way wave equations in the frequency-space domain is

∂U(x,z;ω)
∂ z

=−iQ(x,z;ω)U(x,z;ω), (1)

where U is the ultrasound wavefield, and Q is an operator defined by

Q≡
√

ω2

c2(x,z)
+

∂ 2

∂x2 =
ω

c(x,z)
R, (2)

where ω is the circular frequency, (x, z) is the space location, c is the sound speed, and R is the square-root operator given
by

R≡
√

1−X2, (3)

with

X2 ≡− c2

ω2
∂ 2

∂x2 . (4)

The formal solution of Eq. (1) is

U(x,z+∆z;ω) = exp
{
−i

∫
Qdz

}
U(x,z;ω), (5)

which extrapolates ultrasound wavefield U from the depth level at z to the next depth level at z+∆z.

To numerically solve Eq. (5), we rewrite Eq. (2) as

Q =
ω
c0

√
1−X2

0 +
{

ω
c

√
1−X2− ω

c0

√
1−X2

0

}
, (6)

where c0 is the sound speed of a reference medium, and X2
0 is given by

X2
0 =− c2

0
ω2

∂ 2

∂x2 =
X2

m2 , (7)

where m is the sound-speed contrast

m(x,z)≡ c(x,z)
c0(z)

, (8)

which is the reciprocal of the refraction index. We expand the square-root operator R in the form

R≈ 1− aX2

1−bX2 , (9)
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Figure 1: The maximum propagation angle within 1% of phase error versus the sound-speed contrast for the globally
optimized Fourier finite-difference method and the split-step Fourier method. The maximum propagation angle for the
optimized method is much larger than the split-step Fourier method.

where a and b are free coefficients. Making use of Eq. (9), Eq. (6) becomes

Q≈
√

ω2

c2
0

+
∂ 2

∂x2 +
ω
c0

(
1
m
−1

)
− ω

c0

a(m−1)X2
0

1−b(1+m2)X2
0
. (10)

The ultrasound reflection imaging scheme using the formal solution (5) with the the first two terms of Eq. (10) for
inward wavefield continuation is the split-step Fourier method.17

The phase error of ultrasound wavefield is zero along the primary inward continuation direction, then increases with
increasing the propagation angle relative to the primary direction. We substitute Eq. (10) into Eq. (5), and minimize the
phase error for the entire range of sound-speed perturbations within the breast to obtain the optimized coefficients a and
b. The formal solution (5) with the third term of Eq. (10) is implemented using an implicit finite-difference scheme. The
ultrasound reflection imaging approach using the formal solution (5) and Eq. (10) with optimized coefficients a and b for
inward wavefield continuation is termed the globally optimized Fourier finite-difference method.

3. PHASE ACCURACY
We conduct accuracy analysis of the globally optimized Fourier finite-difference method, and compare it with that of the
split-step Fourier method. Assuming that the maximum sound-speed perturbation within the breast is 15%, Fig. 1 depicts
the relationships of the maximum propagation angle within 1% of phase error versus the sound-speed contrast for the
globally optimized Fourier finite-difference method and the split-step Fourier method. It shows that the optimized method
can accurately handle much larger propagation angles than the split-step Fourier method. In other words, the optimized
method is much more accurate than the split-step Fourier method for a given propagation angle. It is important to develop
an imaging method capable of handling large-angle propagation for high-resolution ultrasound imaging because cancers
have higher sound-speeds and densities compared to their surrounding tissues, and they generate scattered ultrasound waves
that propagate along a wide range of angle. The accuracy analysis in Fig. 1 shows that the split-step Fourier method has less
than 1% of phase error within a propagation angle of approximately 40◦-50◦ centered around the primary backpropagation
direction. The propagation angle increases to approximately 150◦ for the globally optimized Fourier finite-difference
method. For regions with a large sound-speed contrast, this angle is nearly 3.5 times larger than that for the split-step
Fourier method.
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(a) Sound speed of a numerical breast phantom with four anoma-
lies
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(b) Reflectivity of the phantom in (a)
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(c) Image obtained with the phase-shift method and a uni-
form sound-speed
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(d) Image obtained with the optimized method and the
heterogeneous sound-speed in (a)

Figure 2: (a) Sound speed of a numerical breast phantom with four anomalies. (b) Reflectivity within the phantom in (a) shows where
changes of acoustic impedance occur. (c) Reflectivity image reconstructed using the phase-shift method and a uniform sound-speed. (d)
Image produced using the globally optimized Fourier finite-difference method and the heterogeneous sound-speed of the phantom in (a).

4. NUMERICAL IMAGING EXAMPLES
We use two numerical breast phantoms to validate the capability of the globally optimized Fourier finite-difference method
for high-resolution ultrasound reflection imaging. One is constructed from an experimental breast phantom containing four
mimic breast anomalies, and another is derived from an ultrasound sound-speed tomography image of an in-vivo breast
with a cancer. A finite-difference time-domain wave-equation scheme is used to compute synthetic ultrasound pulse-echo
reflection data for a ring transducer array surrounding the phantoms. The transducers are equally distributed along the
ring with a diameter of 20 cm. The central frequency of the data is 1 MHz. The reflection images reconstructed using the
exact sound-speed distributions have the best image quality and highest image resolution that could be achieved. They are
used to compare with reflection images produced using tomography sound-speed models to study the effects of inaccurate
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(a) Sound speed of a numerical breast phantom derived from in-
vivo ultrasound data
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(b) Reflectivity of the phantom in (a)
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(c) Sound-speed tomography with two iterations
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(d) Sound-speed tomography with ten iterations
Figure 3: (a) Sound speed of a numerical breast phantom derived from a sound-speed tomography result of an in-vivo ultrasound breast
dataset. The region with higher sound speeds is a cancer. (b) Reflectivity within the phantom in (a) shows where changes of acoustic
impedance occur. Sound-speed transmission tomography results of the phantom reconstructed with two iterations (c) and ten iterations
(d).

sound-speed distributions on reflectivity image reconstruction.

Figure 2(a) is the sound-speed distribution of the numerical breast phantom containing two mimic tumors with high
sound-speeds, and two mimic fatty tissues with low sound-speeds. The reflectivity (normal reflection coefficient) within
the phantom is depicted in Fig. 2(b).

Reflectivity images reconstructed using the phase-shift and the globally optimized Fourier finite-difference methods are
displayed in Figs. 2(c) and (d), respectively. A uniform sound-speed, obtained by averaging the slowness (reciprocal of the
sound speed) of the numerical breast phantom in Fig. 2(a), is used in the phase-shift imaging. The original heterogeneous
sound-speed distribution in Fig. 2(a) is utilized during reflectivity image reconstruction with the globally optimized Fourier
finite-difference method, and the image is shown in Fig. 2(d). The image in Fig. 2(c) is blurred and contains a significant
amount of artifacts. The image resolution and quality are greatly improved in Fig. 2(d) when ultrasound scattering is
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(a) Reflectivity image reconstructed with a uniform
sound-speed
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(b) Reflectivity image reconstructed with a heteroge-
neous sound-speed model in Fig. 3(c)
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(c) Reflectivity image reconstructed with a heteroge-
neous sound-speed model Fig. 3(d)
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(d) Reflectivity image reconstructed with the correct
sound-speed of the phantom in Fig. 3(a)

Figure 4: (a) Reflectivity image of the phantom in Fig. 3(a) reconstructed using the phase-shift method and a uniform
sound-speed. Images in (b)-(d) are produced using the globally optimized Fourier finite-difference method and the hetero-
geneous sound-speed distributions in Figs. 3(c), (d), and (a), respectively.

accurately accounted for during imaging with the globally optimized Fourier finite-difference method. This demonstrates
the importance of properly and accurately handling ultrasound scattering in ultrasound reflection imaging.

Next we use a numerical breast phantom shown in Fig. 3(a) to investigate the imaging capability of our globally
optimized Fourier finite-difference method. The phantom contains heterogeneous breast tissues and a breast cancer with a
higher sound-speed than its surrounding tissues. Figure 3(b) depicts the reflectivity within the phantom. Figures 3(c) and
(d) are different results of sound-speed transmission tomography for the phantom in Fig. 3(a). They give low-resolution
images of the phantom.

We conduct reflectivity image reconstructions using different sound-speed distributions of the numerical breast phan-
tom in Fig. 3(a). Figure 4(a) is produced using a uniform sound-speed, and once again demonstrates that ultrasound
scattering results in a blurred image with a lot of artifacts. The images in Fig. 4(b)-(d) are reconstructed using the globally
optimized Fourier finite-difference method and the heterogeneous sound-speed models in Figs. 3(c), (d) and (a), respec-
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Figure 5: Comparison of the differences (“image artifacts”) of reconstructed reflectivity images compared with the image
shown in Fig. 4(d). Panels (a) and (b) are the differences between the images in Figs. 4(b) and (c) with that in Fig. 4(d), all
obtained using the optimized propagator. Panels (c) and (d) are the corresponding differences of images obtained using the
split-step Fourier method with the sound-speeds in Figs 3(c) and (d).

tively. These results demonstrate that it is essential to properly account for ultrasound scattering to produce high-resolution
and high-quality ultrasound reflection images.

We investigate image artifacts caused by the propagator inaccuracy and the sound-speed discrepancy. As demonstrated
in the numerical imaging examples in Figs. 2 and 4, it is necessary to properly and accurately accounting for ultrasound
scattering during reflectivity image reconstruction to produce high-resolution and high-quality ultrasound images. This
requires an accurate propagator for ultrasound wavefield inward continuation as well as an accurate sound-speed model of
the breast. Reflectivity image artifacts (including image noise, incorrect image location and amplitudes) are caused not only
by the propagator inaccuracy, but also by the discrepancies/errors in the sound-speed model used for image reconstruction.

Figure 4(d) is a reflectivity image reconstructed using the globally optimized Fourier finite-difference method and the
correct sound-speed of the numerical breast phantom in Fig. 3(a). Therefore, it does not contain any image artifacts caused
by the sound-speed error. We use this image as a standard in image comparison.

Figure 5 shows a comparison of differences between various reflectivity images and Fig. 4(d). The sound-speed model
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used in Figs. 5(a) and (c) is a less accurate one in Fig. 3(c), and that used in (b) and (d) is the more accurate one shown
in Fig. 3(d). Comparing Fig. 5(b) with Fig. 5(a), and Fig. 5(d) with Fig. 5(c), it is obvious that reflectivity image artifacts
decrease with increasing accuracy of the sound-speed tomography results. When the sound-speed error is large, comparison
between Fig. 5(a) and Fig. 5(c) indicates that reflectivity images are similar to one another no matter which method is used
for image reconstruction. That is, image artifacts caused by the sound-speed error are much stronger than those caused by
the inaccuracy of imaging methods when the sound-speed error is large. When the sound-speed error is small, comparison
between Fig. 5(b) and Fig. 5(d) demonstrates that image artifacts decrease with increasing the accuracy of the imaging
method.
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(b)
Figure 6: The cross-section profiles of sound speed at y =9.8 cm for the phantom in Fig. 3. The dashed line in each panel is
the correct sound-speed in Fig. 3(a). The solid lines in (a) and (b) are, respectively, the sound-speed cross-section profiles
of tomography results in Figs. 3(c) and (d).

The sound-speed cross-section profiles displayed in Fig. 6(a) show large sound-speed errors in the tomography result
shown in Fig. 3(c) with only two iterations. The sound-speed errors are particularly large around the cancer region. With
ten iterations during sound-speed reconstruction, the sound-speed tomography result depicted in Fig. 6(b) is very close
to the correct sound-speed of the phantom. Relative image differences in Fig. 7 give a quantitative comparison of image
errors. It shows that the most significant image errors occur around the cancer region. The image errors in Figs. 7(a) and
(c) are large due to large sound-speed errors as shown in Fig. 6(a). However, the difference between Fig. 7(a) and Fig. 7(c)
is insignificant. When the sound-speed discrepancies are small (Fig. 6b), the errors/artifacts in the image obtained using
the optimized method (Fig. 7b) are much smaller/weaker than that produced with the split-step Fourier method (Fig. 7d).

We reconstruct ultrasound reflectivity images of the numerical breast phantom in Fig. 3(a) using different sound-speed
tomography results with 1-10 iterations during sound-speed tomography reconstructions. Then we calculate the total
absolute image differences compared to that in Fig. 4(d), and the corresponding total absolute errors of sound speed in
tomography results. Figure 8 depicts their relationships for the globally optimized Fourier finite-difference method and
the split-step Fourier method. It clearly shows that the overall image error increases rapidly with the overall sound-speed
error. The overall image error for the split-step Fourier method is larger than that for the optimized method for a given
sound-speed error.

5. CONCLUSIONS
We have developed a globally optimized Fourier finite-difference method for ultrasound reflectivity imaging. The method
is optimized for the entire range of sound-speed perturbations within the breast. It is much more accurate than the split-split
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Figure 7: Panels (a)-(d) are, respectively, the relative image differences along the cross sections of the panels in Fig. 5 at
y=9.8 cm.

Fourier method for handling ultrasound scattering in the heterogeneous breast during reflectivity image reconstruction. We
have also numerically demonstrated the importance of an accurate sound-speed model of the breast for reflectivity image
reconstruction. The image error increases rapidly with increasing the sound-speed error. Both the accurate imaging method
and the reliable sound-speed tomography result of the heterogeneous breast are critically important for high-resolution and
high-quality ultrasound breast imaging. Our new optimized imaging method has great potential for clinical applications.
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